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Simplicial Homeology and Homeotopy
Qibing Zheng and Feifei Fan
Abstract. In this paper, we define homeology group, reduced homeology group, cohomeology group and
reduced cohomeology group on finite simpicial complexes and prove that these groups are homeomorphism
invariants of polyhedra. We also define homeotopy type of polyhedra which is finer than homotopy type but
coarser than homeomorphism class.
Simplicial theory are getting more and more important as the toric topology develops. But so far, there
are only algebraic homotopy invariants of polyhedra. The torsion group of face ring is a simplicial invariant
that is not a homeomorphism invariant. In this paper, we define homeology group Hrs,t, reduced homeology
group H˜rs,t, cohomeology group H
s,t
r and reduced cohomeology group H˜
s,t
r for all simplicial complexes and
prove that these groups are homeotopy invariants of polyhedra that are not homotopy invariants but are
homeomorphism invariants. In fact, (co)homology is the limit (the convergence group) of (co)homeology
(spectral sequence). An equivalent homeotopic relation is defined between solid maps and homeotopy type of
polyhedra is defined on homeotopy. Homeotopy types of polyhedra are finer than homotopy types but coarser
than homeomorphism classes. For example, (co)homeology group distinguishes disks of different dimension
and many other contractible polyhedra.
1. Homeology and cohomeology spectral sequence
The following definition is a brief review of finite simplicial complex theory.
Definition 1.1 A (finite, abstract) simplicial complex K with vertex set S is a set of subsets of the finite
set S satisfying the following two conditions.
1) For all s ∈ S, {s} ∈ K.
2) If σ ∈ K and τ ⊂ σ, then τ ∈ K. Specifically, the empty set φ ∈ K.
A simplicial subcomplex L of K is a subset L ⊂ K such that L is also a simplicial complex.
For simplicial complexes K and L with respectively vertex set S and T , a simplicial map f : K → L is a
map f : S → T such that for all σ ∈ K, f(σ) ∈ L. K is simplicial isomorphic to L if there are simplicial maps
f : K → L and g : L→ K such that fg = 1L and gf = 1K (1K and 1L denote the identity map).
An element σ of a simplicial complex K is called an n-simplex of K if σ has n+1 vertices of S and |σ| = n
is the dimension of σ. Specifically, the empty simplex φ has dimension −1. The dimension of K is the biggest
dimension of its simplexes. A face of a simplex σ is a subset τ ⊂ σ. A proper face is a proper subset. For a
simplex σ of K, the link of σ is the simplicial subcomplex linkKσ = {τ ∈ K |σ∪τ ∈ K, σ∩τ = φ} and 2
σ is
the simplicial subcomplex of K consisting of all faces of σ and ∂σ is the simplicial subcomplex of K consisting
of all proper faces of σ.
The geometrical realization of a simplicial complex K is the topological space |K| defined as follows.
Suppose the vertex set S = {v1, · · · , vm}. Let ei ∈ R
m be such that the i-th coordinate of ei is 1 and all
other coordinates of ei are 0. |K| is the union of all the convex hull of ei0 , · · · , eis such that {vi0 , · · · , vis} is
a simplex of K. The geometrical realization of the simplicial map f : K → L is the map from |K| to |L| that
linearly extends f which is still denoted by f . The convex hull of ei0 , · · · , eis is a geometrical s-simplex of |K|.
A polyhedron X is a topological space that is homeomorphic to the geometrical realization |K| of a simplicial
complex K and K is a triangulation of X .
A stellar subdivision of K on the simplex σ is the simplicial complex Sσ(K) defined as follows. If σ = φ,
then Sφ(K) = K. If |σ| = 0, then Sσ(K) is simplicial isomorphic to K by replacing the unique vertex w
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of σ by a new vertex v. If |σ| > 0, then the vertex set of Sσ(K) is the vertex set of K added with a new
vertex v and Sσ(K) = (K−{σ}∗linkKσ) ∪C(∂σ∗linkKσ) = {τ ∈K |σ 6⊂τ} ∪ {{v}∪σ
′∪τ |σ′∈∂σ, τ ∈ linkKσ}.
Two simplicial complexes are stellar equivalent if one can be obtained from another by a finite composite of
stellar subdivision or its inverse. Two polyhedra are homeomorphic if and only if they have stellar equivalent
triangulations(see [1] and [19]).
The following definition is a brief review of simplicial homology and cohomology theory. We always regard
the simplicial chain complex (C∗(K), d) and its dual cochain complex (C
∗(K), δ) as the same chain group
C∗(K) = C
∗(K) with different differentials d and δ. This trick is essential for the definition of (co)homeology
spectral sequence.
Definition 1.2 Let K be a simplicial complex with vertex set S. The k-th chain group Ck(K) = C
k(K)
of K is the Abellian group generated by all ordered sequence [v0, v1, · · · , vk] of elements of S modular the
following zero relations. [v0, · · · , vk] = 0 if vi = vj for some i 6= j. If there is no repetition in [v0, · · · , vk],
then [v0, · · · , vk] = 0 if {v0, · · ·, vk} 6∈ K and [· · · , vi, · · · , vj , · · · ] = −[· · · , vj , · · · , vi, · · · ] (the omitted part
unchanged) for all i < j. Denote the unique generator of C−1(K) by [ ] or [φ]. [v0, · · ·, vk] 6= 0 is called a chain
simplex of K of dimension k. The graded group C∗(K) = ⊕k>0Ck(K) = C
∗(K) and C˜∗(K) = ⊕k>−1Ck(K) =
C˜∗(K) are respectively the chain group and augmented chain group of K.
The simplicial chain complex (C∗(K), d) and simplicial cochain complex (C
∗(K), δ) of K are defined as
follows. For any chain simplex [v0, · · · , vk] (vˆi means canceling the symbol from the term),
d[v0, · · · , vk] = Σ
k
i=0(−1)
i[v0, · · · , vˆi, · · · , vk], d[v0] = 0,
δ[v0, · · · , vk] = Σv∈S [v, v0, · · · , vn].
H∗(K) = H∗(C∗(K), d) and H
∗(K) = H∗(C∗(K), δ) are respectively the homology and cohomology of K.
For an Abellian group G, H∗(K;G) = H∗(C∗(K)⊗G, d) and H
∗(K;G) = H∗(C∗(K)⊗G, δ) are respectively
the homology and cohomology of K over G.
The reduced simplicial chain complex (C˜∗(K), d˜) and reduced simplicial cochain complex (C˜
∗(K), δ˜) of
K are defined as follows. For σ ∈ C˜∗(K) with |σ| > 0, d˜σ = dσ, d˜[v] = [ ] and d˜[ ] = 0. For σ ∈ C˜
∗(K) with
|σ| > 0, δ˜σ = δσ and δ˜[ ] =
∑
v∈S [v]. H˜∗(K) = H∗(C˜∗(K), d˜) and H˜
∗(K) = H∗(C˜∗(K), δ˜) are respectively
the reduced homology and cohomology of K. For an Abellian group G, H˜∗(K;G) = H∗(C˜∗(K)⊗G, d) and
H˜∗(K;G) = H∗(C˜∗(K)⊗G, δ) are respectively the reduced homology and cohomology of K over G.
If L is a simplicial subcomplex of K, the relative chain group C∗(K,L) = C∗(K)/C∗(L) = C
∗(K,L). The
relative simplicial chain complex (C∗(K,L), d) is the quotient complex (C∗(K), d)/(C∗(L), d). The relative
simplicial cochain complex (C∗(K,L), δ) is the natural cochain subcomplex of (C∗(K), δ) generated by those
chain simplexes of C∗(K) that is not a chain simplex of C∗(L). We have short exact sequences
0→ C∗(L)→ C∗(K)→ C∗(K,L)→ 0
0→ C∗(K,L)→ C∗(K)→ C∗(L)→ 0
that induce long exact sequences
· · · → Hn(L;G)→ Hn(K;G)→ Hn(K,L;G)→ Hn−1(L;G)→ · · ·
· · · → Hn−1(L;G)→ Hn(K,L;G)→ Hn(K;G)→ Hn(L;G)→ · · ·
Convention Notice the difference between simplex and chain simplex. A chain simplex is a symbol and
a simplex is a set. A chain simplex corresponds to a unique simplex consisting of all the vertices of the chain
simplex. If there is no confusion, we use the same greek letter σ, τ, · · · to denote both the chain simplex
and the simplex it corresponds to. For two simplexes σ and τ , σ∩τ and σ∪τ are naturally defined. But for
two chain simplexes σ and τ , σ∩τ and σ∪τ are not defined. For two chain simplexes σ = [v0, · · ·, vm] and
τ = [w0, · · ·, wn] such that the corresponding simplex σ∩τ = φ, denote σ∪τ = [v0, · · ·, vm, w0, · · ·, wn] and
τ∪σ = [w0, · · ·, wn, v0, · · ·, vm].
Definition 1.3 For a simplicial complex K, the double complex (T ∗,∗(K),∆)
T 3,3 · · ·
d ↓ · · ·
T 2,2
δ
→ T 2,3 · · ·
d ↓ d ↓ · · ·
T 1,1
δ
→ T 1,2
δ
→ T 1,3 · · ·
d ↓ d ↓ d ↓ · · ·
T 0,0
δ
→ T 0,1
δ
→ T 0,2
δ
→ T 0,3 · · ·
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is defined as follows. T ∗,∗(K) is the subgroup of C∗(K)⊗C
∗(K) generated by all tensor product of chain
simplexes σ⊗τ such that σ⊂τ and ∆: T s,t → T s−1,t⊕T s,t+1 is defined by ∆(σ⊗τ) = (dσ)⊗τ+(−1)|σ|σ⊗(δτ).
In another word, (T ∗,∗(K),∆) is the double subcomplex of (C∗(K), d)⊗(C
∗(K), δ) generated by all tensor
product of chain simplexes σ⊗τ such that σ⊂τ . The cohomeology spectral sequence {Hs,tr (K),∆r} r = 0, 1, · · ·
of K is induced by the horizontal filtration Fn = ⊕s6nT
s,∗ with ∆r : H
s,t
r → H
s−r−1,t−r
r . Notice that to make
the notation simple, the cohomeology spectral sequence starts from r = 0. For r > 0, H∗,∗r (K) is called the
r-th cohomeology group of K. H∗,∗1 (K) is simply denoted by H
∗,∗(K) and is called the cohomeology group of
K. For an Abellian group G, define T ∗,∗(K;G) = T ∗,∗(K)⊗G and we have similar definition of cohomeology
spectral sequence or r-th cohomeology group Hs,tr (K;G) of K over G.
Similarly, the augmented double complex (T˜ ∗,∗(K), ∆˜)
T˜ 2,2 · · ·
d˜
↓ · · ·
T˜ 1,1
δ˜
→ T˜ 1,2 · · ·
d˜
↓
d˜
↓ · · ·
T˜ 0,0
δ˜
→ T˜ 0,1
δ˜
→ T˜ 0,2 · · ·
d˜
↓
d˜
↓
d˜
↓ · · ·
T˜−1,−1
δ˜
→ T˜−1,0
δ˜
→ T˜−1,1
δ˜
→ T˜−1,2 · · ·
is the double subcomplex of (C˜∗(K), d˜)⊗(C˜∗(K), δ˜) generated by all product of chain simplexes σ⊗τ such that
σ⊂τ . The reduced cohomeology spectral sequence {H˜s,tr (K), ∆˜r} of K is induced by the horizontal filtration
F˜n = ⊕s6nT˜
s,∗ with ∆˜r : H˜
s,t
r → H˜
s−r−1,t−r
r . For r > 0, H˜
s,t
r (K) is called the r-th reduced cohomeology
group of K. H˜∗,∗1 (K) is simply denoted by H˜
∗,∗(K) and is called the reduced cohomeology group of K. For
an Abellian group G, define T˜ ∗,∗(K;G) = T˜ ∗,∗(K)⊗G and we have similar definition of reduced cohomeology
spectral sequence or reduced r-th cohomeology group H˜s,tr (K;G) of K over G.
Dually, define (T∗,∗(K), D) = ((T
∗,∗(K))∗,∆∗) = (HomZ(T
∗,∗(K),Z),∆∗). Then we may regard T∗,∗(K)
and T ∗,∗(K) as the same group with differential D defined by
D([v0, · · · , vm]⊗[v0, · · · , vm, vm+1, · · · , vm+n])
= Σnj=1(−1)
m+j [v0, · · · , vm]⊗[v0, · · · , vm, vm+1, · · · , vˆm+j , · · · , vm+n]
+Σnj=1[vm+j , v0, · · · , vm]⊗[v0, · · · , vm, vm+1, · · · , vm+n]
The homeology spectral sequence {Hrs,t(K), D
r} r = 0, 1, · · · of K is induced by the horizontal filtration
Fn = ⊕s>nTs,∗ with D
r : Hrs,t → H
r
s+r+1,t+r. For r > 0, H
∗,∗
r (K) is called the r-th homeology group of
K. H1∗,∗(K) is simply denoted by H∗,∗(K) and is called the homeology group of K. For an Abellian group
G, define T∗,∗(K;G) = T∗,∗(K)⊗G and we have similar definition of homeology spectral sequence or r-th
homeology group Hrs,t(K;G) of K over G. The reduced homeology spectral sequence and groups are similarly
defined.
Convention All the spectral sequence in this paper starts from r = 0 so that all the (co)homeology
spectral sequence is an homeomorphism invariant from r > 1. All the definitions, theorems and proofs have
their duals. We always give the dual definitions and theorems but the proof, we only give the natural one and
omit the dual proof.
Theorem 1.4 Let K be a simplicial complex and G be an Abellian group. The reduced cohomeology
and homeology spectral sequence of K over G satisfy that
H˜s,s+t+10 (K;G) = ⊕|σ|=s H˜
t(linkKσ;G), (H˜
∗,∗
0 (K;G), ∆˜0) = (⊕σ∈K H˜
∗(linkKσ;G), ∆˜0),
H˜0s,s+t+1(K;G) = ⊕|σ|=s H˜t(linkKσ;G), (H˜
0
∗,∗(K;G), D˜
0) = (⊕σ∈K H˜∗(linkKσ;G), D˜
0),
with differential on the right side defined as follows. Suppose σ = {v0, · · ·, vn} ∈ K and σi = σ−{vi}.
Then δvi : (C∗(linkKσ), δ) → (C∗(linkKσi), δ) and d
vi : (C∗(linkKσi), d) → (C∗(linkKσ), d) are dual homo-
morphisms defined by δvi(τ) = τ∪[vi] for all chain simplex τ ∈ linkKσ. Denote x∈H˜
∗(linkKτ ;G) by [x]τ in
⊕σ∈K H˜
∗(linkKσ;G), then ∆˜0([x]τ ) =
∑
vi
[δ∗vi(x)]τi with τi∪{vi} = τ . Denote y∈H˜∗(linkKτ ;G) by [y]τ in
⊕σ∈K H˜∗(linkKσ;G), then D˜
0([y]τ ) =
∑
vi
[dvi∗ (y)]τi with τ∪{vi} = τi.
The cohomeology and homeology spectral sequence of K over G satisfy that
Hs,s+t+10 (K;G) = ⊕|σ|=s H˜
t(linkKσ;G), (H
∗,∗
0 (K;G),∆0) = (⊕σ∈K,σ 6=φ H˜
∗(linkKσ;G),∆0),
H0s,s+t+1(K;G) = ⊕|σ|=s H˜t(linkKσ;G), (H
0
∗,∗(K;G), D
0) = (⊕σ∈K,σ 6=φ H˜∗(linkKσ;G), D
0),
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with differential on the right side defined as follows. ∆0([x]σ) = ∆˜0([x]σ) if |σ|>0 and ∆0([x]σ) = 0 if |σ|=0
and (H0∗,∗(K), D
0) is a double subcomplex of (H˜0∗,∗(K), D˜
0).
For any n>0, there are exact sequences
0→ H˜0,n(K;G)→ H0,n(K;G)→ H˜n(K;G)→ H˜−1,n(K;G)→ 0,
0→ H˜−1,n(K;G)→ H˜n(K;G)→ H0,n(K;G)→ H˜0,n(K;G)→ 0,
and Hs,n(K;G) = H˜s,n(K;G), Hs,n(K;G) = H˜s,n(K;G) if s>0.
Proof We only prove the cohomeology case. The homeology case is totally dual.
T˜ u,v(K) is generated by product of chain simplexes σ⊗σ′ such that σ⊂σ′, |σ|=u, |σ′|=v. Equivalently,
T˜ s,s+t+1(K) is generated by all product of chain simplexes σ⊗(τ∪σ) such that σ∩τ = φ, |σ| = s, |τ | = t. So
the correspondence σ⊗(τ∪σ) → [τ ]σ induces a graded group isomorphism ̺ : T˜
∗,∗(K) → ⊕σ∈KC˜
∗(linkKσ).
Define ∆˜ on the latter group by ∆˜([τ ]σ) =
∑
v∈σ[δv(τ)]σ−{v} + (−1)
|σ|[δ˜(τ)]σ . Suppose σ = [v0, · · ·, vn] and
τ = [w0, · · ·, wm]. Then
̺∆˜([v0, · · ·, vn]⊗[w0, · · ·, wm, v0, · · ·, vn])
= ̺(Σni=0(−1)
i[v0, · · · , vˆi, · · · , vn]⊗[w0, · · ·, wm, v0, · · ·, vn])
+̺(Σ{w,w0,··· ,wm}∈linkKσ(−1)
n[v0, · · · , vn]⊗[w,w0, · · · , wm, v0, · · · , vn])
= Σni=0[w0, · · · , wn, vi]{v0,··· ,vˆi,··· ,vn} + (−1)
n[δ˜([w0, · · · , wm])]{v0,··· ,vn}
= ∆˜([w0, · · · , wm]{v0,··· ,vn})
= ∆˜̺([v0, · · ·, vn]⊗[w0, · · ·, wm, v0, · · ·, vn]).
So ̺ is a well-defined double complex isomorphism that induces a spectral sequence isomorphism with H˜∗,∗0
isomorphism as in the theorem.
Define trivial double complex U∗,∗(K;G) by U−1,t(K;G) = H˜−1,t0 (K;G) = H˜
t(K;G) and Us,t(K;G) = 0
if s> 0. Then U∗,∗ is a subcomplex of (H˜∗,∗0 , ∆˜0) and the quotient complex is just (H
∗,∗
0 ,∆0). So from the
long exact sequence induced by the short exact sequence 0 → U∗,∗ → H˜∗,∗0 → H
∗,∗
0 → 0 we get the relation
between the reduced cohomeology group and cohomeology group.
From the proof of the above theorem we know that there are two ways to describe the structure of
(T ∗,∗(K;G),∆). One way is to denote the generators by σ⊗σ′ with ∆(σ⊗σ′) = (dσ)⊗σ′ + (−1)|σ|σ⊗(δσ′).
The other is to denote the generators by [τ ]σ (τ ∈ linkKσ) with ∆([τ ]σ) =
∑
v∈σ[δv(τ)]σ−{v} +(−1)
|σ|[δ(τ)]σ .
We have to use both in later proofs. But we only denote the generators of (H∗,∗0 (K;G),∆0) in one way, i.e.,
[x]σ with x ∈ H˜
∗(linkKσ;G). The reduced case and the homeology case are the same.
Remark We can similarly define Us,t(K) = Cs(K)⊗C
t(Kc) generated by all σ⊗τ with σ ∈ K and
τ 6∈ K such that σ ⊂ τ and ∆(σ⊗τ) = (dσ)⊗τ + (−1)|σ|σ⊗(δτ). Then the R-spectral sequence of K
{Rs,tr (K),∆
r} induced by the vertical filtration Rn = ⊕s>nU∗,s satisfies R
∗,∗
0 (K) = ⊕σ 6∈KH˜∗(K|σ), where
K|σ = {τ∈K | τ⊂σ}. But this spectral sequence is neither a homeomorphism or homotopy invariant of K nor
a homeomorphism or homotopy invariant of the Alexander dual K∗ of K.
Definition 1.5 Let L be a simplicial subcomplex of K. (T∗,∗(L), D) and (T˜∗,∗(L), D˜) are respectively
double subcomplexes of (T∗,∗(K), D) and (T˜∗,∗(K), D˜). Define relative double complex (T∗,∗(K,L), D) and
(T˜∗,∗(K,L), D˜) respectively to be the corresponding quotient double complex and so we have a short exact
sequence of double complexes
0→ T∗,∗(L)→ T∗,∗(K)→ T∗,∗(K,L)→ 0,
0→ T˜∗,∗(L)→ T˜∗,∗(K)→ T˜∗,∗(K,L)→ 0.
The relative homeology spectral sequence Hr∗,∗(K,L;G) and the relative reduced homeology spectral sequence
H˜r∗,∗(K,L;G) are the spectral sequence induced by horizontal filtration.
Dually, there are relative double complexes (T ∗,∗(K,L),∆) and (T˜ ∗,∗(K,L), ∆˜) and short exact sequence
of double complexes
0→ T ∗,∗(K,L)→ T ∗,∗(K)→ T ∗,∗(L)→ 0,
0→ T˜ ∗,∗(K,L)→ T˜ ∗,∗(K)→ T˜ ∗,∗(L)→ 0.
The relative cohomeology spectral sequence H∗,∗r (K,L;G) and the relative reduced cohomeology spectral
sequence H˜∗,∗r (K,L;G) are the spectral sequence induced by horizontal filtration.
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Notice that we have long exact sequence of H0, H˜0 and H
0, H˜0 groups from the short exact sequence
of double complex and relative double complex but can not generally get a long exact sequence of (reduced)
homeology and (reduced) cohomeology groups.
Definition 1.6 For a simplicial complex K, a block complex BK = {bn,α} of K is a set of simplicial
subcomplexes bn,α (called an n-block) of K that satisfies the following conditions.
1) Every bn,α is a triangulation of disk D
n. Specifically, the empty simplicial complex b−1,φ is the only
(−1)-block of BK that is regarded as a triangulation of D
−1 = φ.
2) |K| = ⊔ bn,α∈BK (|bn,α| − |∂bn,α|), where | · | denotes the underlying set of the geometrical realization
space and ⊔ is the disjoint union of sets.
Specifically, B0K = {2
σ}σ∈K is a block complex of K which is called the trivial block complex of K.
bm,α is called a face of bn,β if bm,α ⊂ bn,β. bm,α is called a proper face of bn,β if bm,α ⊂ ∂bn,β.
From the definition of block complex we have the following conclusions that is very important for later
proofs.
For n > 0, every boundary of an n-block is the union of some (n−1)-blocks, i.e., for every bn,α ∈ BK ,
there are bn−1,α1 , · · · , bn−1,αk ∈ BK such that ∂bn,α = ∪
k
i=1bn−1,αi . For any two different blocks bn,α and bn,β
of the same dimension, bn,α∩bn,β is the union of their mutual proper faces. For two different blocks bm,α and
bn,β such that m < n, either bm,α is a proper face of bn,β or bm,α∩bn,β = {φ}. For n > 0 and every σ ∈ ∂bn,α,
linkbn,ασ is a triangulation of D
n−|σ|−1.
Definition 1.7 Let BK be a block complex of a simplicial complex K. Ck(BK) = C
k(BK) is the
free Abellian generated by all k-blocks of BK . The graded group C∗(BK) = ⊕k>0Ck(BK) = C
∗(BK) and
C˜∗(BK) = ⊕k>−1Ck(BK) = C˜
∗(BK) are respectively the block chain group and augmented block chain
group of BK .
The block chain complex (C∗(BK), d) and block cochain complex (C
∗(BK), δ) of BK are defined as
follows. Take an orietation on every block of BK . That is, for n > 0, all the chain n-simplexes of a given
n-block bn,α are devided into two classes, the class of positive chain simplexes and the class of negative chain
simplexes. All the chain simplexes of a block of dimension 0 or −1 are positive. For two blocks bn,α and
bn−1,β, the connecting coefficient [α;β] is defined as follows. [α;β] = 0 if bn−1,β is not a face of bn,α; [α;β] = 1
if there is a positive chain simplex [v0, v1 · · · , vn] of bn,α such that [v1, · · · , vn] is a positive chain simplex of
bn−1,β; [α;β] = −1 if there is a positive chain simplex [v0, v1, · · · , vn] of bn,α such that [v1, · · · , vn] is a negative
chain simplex of bn−1,β. It is obvious that the connecting coefficient is independent of the choice of the chain
simplex. Then
d(bn,α) =
∑
bn−1,β∈BK
[α;β]bn−1,β for n > 0, d(b0,α) = 0,
δ(bn,α) =
∑
bn+1,β∈BK
[α;β]bn+1,β for n > 0.
The augmented block chain complex (C˜∗(BK), d˜) and augmented block cochain complex (C˜
∗(BK), δ˜) of
BK are defined by that d˜(bn,α) = d(bn,α) if n > 0, d˜(b0,α) = b−1,φ, d˜(b−1,φ) = 0 and δ˜(bn,α) = δ(bn,α) if n > 0,
δ˜(b−1,φ) =
∑
b0,α with b0,α taken over all 0-blocks.
Definition 1.8 For a block complex BK of a simplicial complex K, the double complex (T
∗,∗(BK),∆) is
the double subcomplex of (C∗(BK), d)⊗(C
∗(BK), δ) generated by all tensor product of blocks bm,α⊗bn,β such
that bm,α⊂bn,β . The cohomeology spectral sequence {H
s,t
r (BK),∆r} r = 0, 1, · · · of BK is induced by the
horizontal filtration Fn = ⊕s6nT
s,∗ with ∆r : H
s,t
r → H
s−r−1,t−r
r . H
∗,∗
r (BK) is called the r-th cohomeology
group of BK . H
∗,∗
1 (BK) is simply denoted by H
∗,∗(BK) and is called the cohomeology group of BK . For an
Abellian group G, define T ∗,∗(BK ;G) = T
∗,∗(BK)⊗G and we have similar definition of cohomeology spectral
sequence or r-th cohomeology group Hs,tr (BK ;G) of BK over G.
The augmented double complex (T˜ ∗,∗(BK), ∆˜) is the double subcomplex of (C˜∗(BK), d˜)⊗(C˜
∗(BK), δ˜)
generated by all tensor product of blocks bm,α⊗bn,β such that bm,α⊂bn,β. The reduced cohomeology spectral
sequence {H˜s,tr (BK), ∆˜r} of BK is induced by the horizontal filtration F˜n = ⊕s6nT˜
s,∗ with ∆˜r : H˜
s,t
r →
H˜s−r−1,t−rr . H˜
s,t
r (BK) is called the r-th reduced cohomeology group of BK . H˜
∗,∗
1 (BK) is simply denoted by
H˜∗,∗(BK) and is called the reduced cohomeology group of BK . H˜
s,t
r (BK ;G) is similarly defined.
Dually, the double complex (T∗,∗(BK), D) is defined as follows. T∗,∗(BK) = T
∗,∗(BK) is the same
bigraded Abellian group but the differential is defined by
D(bm,α⊗bn,β)
= Σ [α;σ]bm+1,σ⊗bn,β +Σ(−1)
m[β; τ ]bm,α⊗bn−1,τ ,
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where the sum is taken over all blocks such that bm,α ⊂ bm+1,σ ⊂ bn,β and bm,α ⊂ bn−1,τ ⊂ bn,β. The
homeology spectral sequence {Hrs,t(BK), D
r} r = 0, 1, · · · of BK is induced by the horizontal filtration Fn =
⊕s>nT
s,∗ with ∆r : Hrs,t → H
r
s+r+1,t+r. H
r
∗,∗(BK) is called the r-th homeology group of BK . H
1
∗,∗(BK) is
simply denoted by H∗,∗(BK) and is called the homeology group of BK . For an Abellian group G, define
T∗,∗(BK ;G) = T∗,∗(BK)⊗G and we have similar definition of homeology spectral sequence or r-th homeology
group Hrs,t(BK ;G) of BK over G.
The augmented double complex (T˜∗,∗(BK), D˜) is the dual double complex of (T˜
∗,∗(BK), ∆˜) with D˜ the
generalization of D in that (−1)-block is allowed in the formula. The reduced homeology spectral sequence or
r-th homeology group H˜r∗,∗(BK ;G) of BK over G is similarly defined.
Theorem 1.9 Let BK be a block complex of a simplicial complex K and G be an Abellian group. For
bm,α ∈ BK , define Cn(Bm,α) = C
n(Bm,α) to be the free Abellian group generated by all blocks bn,β ∈ B
such that bm,α ⊂ bn,β and C
∗(Bm,α) = ⊕n>mC
n(Bm,α). Let (C
∗(Bm,α), δ) be the cochain subcomplex of
(C∗(BK), δ) and denote its dual complex by (C∗(Bm,α), d) which is not a chain subcomplex of (C∗(BK), d).
Define H˜∗(Bm,α;G) = H
∗(C∗(Bm,α)⊗G, δ) and H˜∗(Bm,α;G) = H∗(C∗(Bm,α)⊗G, d). For bm,α ⊂ bs,σ,
(C∗(Bs,σ), δ) is a cochain subcomplex of (C
∗(Bm,α), δ) and denote the inclusion map by iσ,α. The quotient
map jα,σ : (C∗(Bm,α), d) → (C∗(Bs,σ), d) is defined by j
α,σ(bn,β) = bn,β if bs,σ ⊂ bn,β and j
α,σ(bn,β) = 0 if
bs,σ 6⊂ bn,β . iσ,α and j
α,σ are dual to each other.
The reduced cohomeology and homeology spectral sequence of BK over G satisfy that
H˜m,n0 (BK ;G) = ⊕bm,α∈BK H˜
n(Bm,α;G), (H˜
∗,∗
0 (BK ;G), ∆˜0) = (⊕bm,α∈BK H˜
∗(Bm,α;G), ∆˜0),
H˜0m,n(BK ;G) = ⊕bm,α∈BK H˜n(Bm,α;G), (H˜
0
∗,∗(BK ;G), D˜
0) = (⊕bm,α∈BK H˜∗(Bm,α;G), D˜
0),
where differentials are defined as follows. Denote x ∈ H˜∗(Bm,α;G) by [x]α ∈ ⊕bm,µ∈BK H˜
∗(Bm,µ;G), then
∆˜0([x]α) =
∑
αi
[α;αi][i
∗
α,αi
(x)]αi , where αi is taken over all faces bm−1,αi of bm,α. Denote y ∈ H˜∗(Bm,α;G)
by [y]α ∈ ⊕bm,µ∈BK H˜∗(Bm,µ;G), then D˜
0([y]α) =
∑
βj
[α;βj ][j
α,βj
∗ (y)]βj , where βj is taken over all blocks
bm+1,βj such that bm,α ⊂ bm+1,βj .
The cohomeology and homeology spectral sequence of BK over G satisfies that
Hm,n0 (BK ;G) = ⊕bm,α∈BK H˜
n(Bm,α;G), (H
∗,∗
0 (BK ;G),∆0) = (⊕bm,α∈BK ,m>−1 H˜
∗(Bm,α;G),∆0),
H0m,n(BK ;G) = ⊕bm,α∈BK H˜n(Bm,α;G), (H
0
∗,∗(BK ;G), D
0) = (⊕bm,α∈BK ,m>−1 H˜∗(Bm,α;G), D
0),
where differentials are just the restriction differentials of the reduced case such that b−1,φ is not allowed in
the formula.
For any n>0, there are exact sequences
0→ H˜0,n(BK ;G)→ H
0,n(BK ;G)→ H˜
n(K;G)→ H˜−1,n(BK ;G)→ 0
0→ H˜−1,n(BK ;G)→ H˜n(BK ;G)→ H0,n(K;G)→ H˜0,n(BK ;G)→ 0
and Hs,n(BK ;G) = H˜
s,n(BK ;G), Hs,n(BK ;G) = H˜s,n(BK ;G) if s>0.
Proof By definition of horizontal filtration just as Theorem 1.4. But the proof here is more direct and
does not need the isomorphism ̺ in the proof of Theorem 1.4.
Theorem 1.10 Let BK be a block complex of a simplicial complex K. Then for all Abellian group G
and all integers r, s, t with r > 0,
Hs,tr (BK ;G) = H
s,t
r (K;G), H˜
s,t
r (BK ;G) = H˜
s,t
r (K;G),
Hrs,t(BK ;G) = H
r
s,t(K;G), H˜
r
s,t(BK ;G) = H˜
r
s,t(K;G).
The cohomeology spectral sequence Hs,tr (K;G) and the homeology spectral sequence H
r
s,t(K;G) respectively
converge to the cohomology group H∗(K;G) and the homology group H∗(K;G). The reduced cohomeology
spectral sequence H˜s,tr (K;G) and the reduced homeology spectral sequence H˜
r
s,t(K;G) converges to G (at
degree 0). Hs,tr (K;G), H˜
s,t
r (K;G), H
r
s,t(K;G), H˜
r
s,t(K;G) (r > 0) are all homeomorphism invariants of the
polyhedron |K|. Thus, for a polyhedron X , Hs,tr (X ;G), H˜
s,t
r (X ;G), H
r
s,t(X ;G), H˜
r
s,t(X ;G) (r > 0) are
defined to be the corresponding group of any of its triangulation.
Proof We only prove the unreduced cohomeology case . Other cases are similar.
Define (T ∗,∗
B
(K),∆) to be the double subcomplex of (C∗(K), d)⊗(C
∗(BK), δ) generated by all σ⊗bm,α such
that σ ∈ bm,α and the group homomorphism j : T
∗,∗(K)→ T ∗,∗
B
(K) by j(σ⊗τ) = σ⊗bm,α if τ ∈ bm,α−∂bm,α
and |τ | = m, j(σ⊗τ) = 0 if τ ∈ bm,α−∂bm,α and |τ | < m. It is easy to check that j is a double complex
homomorphism. The horizontal filtration also induces a cohomeology spectral sequence H∗,∗r (T
∗,∗
B
(K);G) and
so j induces a spectral sequence homomorphism jr : H
∗,∗
r (K;G)→ H
∗,∗
r (T
∗,∗
B
(K);G). Consider
j0 : H
∗,∗
0 (K;G) = ⊕σ∈K−{φ}H
∗(linkKσ;G)→ H
∗,∗
0 (T
∗,∗
B
(K);G) = ⊕σ∈K−{φ}H
∗(C∗(Bσ)⊗G, δ),
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where (C∗(Bσ), δ) is the cochain subcomplex of (C
∗(BK), δ) generated by Bσ = {bm,α |σ ∈ bm,α}. For
bm,α ∈ Bσ, define b
σ
m,α = {τ ∈ linkKσ |σ∪τ ∈ bm,α} = linkbm,ασ. By definition, b
σ
m,α is a triangulation
of disk Dm−|σ|−1 with bσm,α−∂b
σ
m,α = {τ ∈ linkKσ |σ∪τ ∈ bm,α−∂bm,α}. So B
′
σ = {b
σ
m,α} is a block
complex of linkKσ which is in 1-1 correspondence with Bσ. There is a monomorphism iB′σ : (C∗(B
′
σ), d) →
(C∗(linkKσ), d) defined by that for every block bm,α ∈ B
′
σ, iB′σ(bm,α) =
∑
σ with σ taken over all positive
chain m-simplexes of bm,α. It is known that iB′σ induces a homology isomorphism. Dually, there is an
acyclic cochain subcomplex (J∗(B′σ), δ) of (C
∗(linkKσ), δ) such that the quotient cochain complex is just
(C∗(B′σ), δ) with the quotient map jB′σ : (C
∗(linkKσ), δ) → (C
∗(B′σ), δ) defined by that jB′σ (τ) = bm,α if
τ ∈ bσm,α−∂b
σ
m,α and |τ | = m and that jB′σ(τ) = 0 if τ ∈ b
σ
m,α−∂b
σ
m,α and |τ | < m. jB′σ induces cohomology
isomorphism. Since (j̺−1)|C∗(linkKσ) = jB′σ (̺ as in the proof of Theorem 1.4), j0 is an isomorphism. So
jr : H
∗,∗
r (K;G)→ H
∗,∗
r (T
∗,∗
B
(K);G) is an isomorphism for all r > 0.
Define monomorphism ψ : (T ∗,∗(BK),∆) → (T
∗,∗
B
(K),∆) by that ψ(bm,α⊗bn,β) =
∑
σ⊗bn,β with σ
taken over all positive chain m-simplexes of bm,α. Denote the quotient double complex by (U
∗,∗
B
(K),∆).
From the short exact sequence of double complexes 0 → T ∗,∗(BK)
ψ
→ T ∗,∗
B
(K)
ω
→ U∗,∗
B
(K) → 0 we have
that the cohomeology spectral sequences induced by the horizontal filtration of the three double complexes
satisfy that 0 → H∗,∗0 (BK);G)
ψ0
→ H∗,∗0 (T
∗,∗
B
(K);G)
ω0→ H∗,∗0 (U
∗,∗
B
(K);G) → 0 is still exact. If we have
H∗,∗1 (U
∗,∗
B
(K);G) = 0, then from the long exact sequence of H1-term induced by the H0-term we have that
ψ1 is an isomorphism and inductively, ψr : H
∗,∗
r (BK ;G)→ H
∗,∗
r (T
∗,∗
B
(K);G) is an isomorphism for all r > 0.
Thus, (jr)
−1ψr : H
∗,∗
r (BK ;G)→ H
∗,∗
r (K;G) is an isomorphism for all r > 0.
Now we prove H∗,∗1 (U
∗,∗
B
(K);G) = 0. Define B
(n)
K = ∪bm,α∈BK ,m6nbm,α and the filtrations on (H
∗,∗
0 ,∆0)
as follows. Fn(C) is the subgroup of H
∗,∗
0 (C) generated by all [x]σ such that σ ∈ B
(n)
K (σ ⊂ B
(n)
K if σ is a
block), where C represents (BK ;G), (T
∗,∗
B
(K);G) or (U∗,∗
B
(K);G). So we get a spectral sequence Fn,s,tr (C)
converging to H∗,∗1 (C). By definition,
Fn,n,t0 (BK ;G) = ⊕bn,α∈BK H˜
t
n,α, H˜
t
n,α = H˜
t(Bn,α;G),
Fn,s,t0 (T
∗,∗
B
(K);G) = ⊕|σ|=s, σ∈bn,α−∂bn,α H˜
t
σ, H˜
t
σ = H˜
t(Bn,α;G).
The differential ø∆0 of F
∗,∗,∗
0 satisfies that ø∆0([x]bn,α) = 0 and ø∆0([y]σ) =
∑
i[σ;σi][y]σi , where σ ∈
bn,α−∂bn,α and σi is taken over all (|σ|−1)-faces of σ such that σi ∈ bn,α−∂bn,α. Thus,
(F ∗,∗,∗0 (BK ;G), ø∆0) = (⊕bn,α∈BK ,n>−1H˜
∗(Bn,α;G), ø∆0) (ø∆0 = 0),
(F ∗,∗,∗0 (T
∗,∗
B
(K);G), ø∆0) = ⊕bn,α∈BK ,n>−1 (C∗(bn,α, ∂bn,α), d)⊗ H˜
∗(Bn,α;G).
Since H∗(bn,α, ∂bn,α) = Z, the homomorphism (ψ0)0 : (F
∗,∗,∗
0 (BK ;G), ø∆0) → (F
∗,∗,∗
0 (T
∗,∗
B
(K);G), ø∆0) in-
duces a cohomology isomorphism of F1-term. So from the long exact sequence of F1-term induced by the F0-
term we have that F ∗,∗,∗1 (U
∗,∗
B
(K);G) = 0. So F ∗,∗,∗r (U
∗,∗
B
(K);G) = 0 for all r > 0 and H∗,∗1 (U
∗,∗
B
(K);G) = 0.
From the vertical filtration En = ⊕t>nT
∗,t(K) of T ∗,∗(K), we get a spectral sequence (Es,tr (K), ∂r) with
∂r : E
s,t
r → E
s+r,t+r+1
r . By definition, (E
∗,∗
0 (K)⊗G, ∂) = (⊕σ∈K−{φ}H∗(2
σ;G), ∂) = (C∗(K)⊗G, δ). So
E0,∗1 (K;G) = H
∗(K;G) and Es,∗1 (K;G) = 0 if s > 0 and the spectral sequence collapse from r > 1. Thus,
H∗(T ∗,∗(K)⊗G,∆) = H∗(K;G) and the cohomeology spectral sequence converges to H∗(K;G).
From the vertical filtration E˜n = ⊕t>nT˜
∗,t(K) of T˜ ∗,∗(K), we get a spectral sequence (E˜s,tr (K), ∂˜r)
with ∂˜r : E˜
s,t
r → E˜
s+r,t+r+1
r . By definition, (E˜
∗,∗
0 (K)⊗G, ∂˜) = (⊕σ∈KH˜∗(2
σ;G), ∂˜) = H−1({φ};G) = G.
So E˜0,01 (K;G) = G and E˜
s,t
1 (K;G) = 0 otherwise and the spectral sequence collapse from r > 1. Thus,
H∗(T˜ ∗,∗(K)⊗G,∆) = G and the reduced cohomeology spectral sequence converges to G.
To prove that Hs,tr are homeomorphism invariants, we need only prove H
s,t
r (Sσ(K);G) = H
r
s,t(K;G)
for any stellar subdivision Sσ on K. Take a block complex BSσ(K) on Sσ(K) (|σ| > 0) as follows. The
blocks of BSσ(K) is in 1-1 correspondence with the simplexes of K. Denote by bτ the block corresponding
to τ ∈ K. Then bτ = 2
τ if σ is not a face of τ and bτ = Sσ(2
τ ) if σ ⊂ τ . It is obvious that the 1-1
correspondence bτ → 2
τ from BSσ(K) to the trivial block complex B
0
K induces double complex isomorphism
(T ∗,∗(BSσ(K)),∆)
∼= (T ∗,∗(B0K),∆). So the cohomeology spectral sequence is a homeomorphism invariant.
For two simplicial complexes K and L, their join is the simplicial complex K ∗L = {σ⊔τ |σ∈K, τ∈L} (⊔
is the disjoint union) and their disjoint union is the simplicial complex K ⊔ L = {φ} ⊔ (K−{φ}) ⊔ (L−{φ}).
Their Cartesian product K × L is the simplicial complex defined as follows. Suppose the vertex set of K is
S = {v1, · · · , vm} and the vertex set of L is T = {w1, · · · , wn}. The vertex set of K × L is S × T and a
k-simplex of K ×L is of the form {(vi1 , wj1), · · · , (vik , wjk )} such that is 6 is+1, js 6 js+1 for s = 1, · · · , k−1
and {vi1 , · · · , vik} ∈ K, {wi1 , · · · , wik} ∈ L (canceling repetition). If BK and BL are respectively block
complex of K and L, then their product block complex BK×L of K×L is the unique block complex satisfying
8 Q. ZHENG, F. FAN
that BK×L−{φ} = (BK−{φ}) × (BL−{φ}) and |(bm,α, bn,β)| = |bm,α| × |bn,β | for all bm,α ∈ BK−{φ} and
bn,β ∈ BL−{φ}.
Theorem 1.11 Let K, L and BK , BL be as above. Then
(T ∗,∗(K ⊔ L),∆) = (T ∗,∗(K),∆)⊕ (T ∗,∗(L),∆),
Σ−1(T˜ ∗,∗(K∗L),∆) = (T˜ ∗,∗(K),∆)⊗ (T˜ ∗,∗(L),∆),
(T ∗,∗(BK×L),∆) = (T
∗,∗(BK),∆)⊗ (T
∗,∗(BL),∆),
(T∗,∗(K ⊔ L), D) = (T∗,∗(K), D)⊕ (T∗,∗(L), D),
Σ−1(T˜∗,∗(K∗L), D) = (T˜∗,∗(K), D)⊗ (T˜∗,∗(L), D),
(T∗,∗(BK×L), D) = (T∗,∗(BK), D)⊗ (T∗,∗(BL), D),
where Σ−1 means lowering the bidegree by (−1,−1). The product isomorphism induces external product
× : H∗,∗r (K;G)⊗H
∗,∗
r (L;H)→ H
∗,∗
r (K×L;G⊗H)
× : Hr∗,∗(K;G)⊗H
r
∗,∗(L;H) → H
r
∗,∗(K×L;G⊗H)
for all Abellian groups G,H and all r > 0. External products are bilinear.
Proof The union equality needs the conclusion linkK∗L σ∗τ = linkKσ ∗ linkLτ . Everything else is by
definition.
Theorem 1.12 A simplicial complex K is Cohen-Macaulay of dimension n if for all simplexes σ ∈ K,
H˜t(linkKσ) = 0 for all t 6= n−|σ|−1. For such a simplicial complex K, its reduced cohomeology spectral
sequence over an Abellian group G satisfies that for r = 1, · · · , n−1, the double complex (H˜∗,∗r (K;G), ∆˜r) is
as follows.
H˜n,nr = H˜
n,n
...
H˜r,nr = H˜
r,n
∆˜r
ւ
H˜−1,0r = H˜
−1,0
0 · · · H˜
−1,n−r
r = H˜
−1,n−r
0
where all other H˜s,tr (K;G) = 0 and ∆˜r : H˜
r,n
r (K;G) → H˜
n−r(K;G)=H˜−1,n−rr (K;G) is an isomorphism.
∆˜n : H˜
n,n
n (K;G) → H˜
−1,0
n (K;G) is an epimorphism with kernel G and H˜
n,n
n+1(K;G) = G, H˜
s,t
n+1(K;G) = 0
otherwise. The reduced homeology spectral sequence satisfies that for r = 1, · · · , n−1, the double complex
(H˜r∗,∗(K;G), D˜
r) is as follows.
H˜rn,n = H˜n,n
...
H˜rr,n = H˜r,n
D˜r
ր
H˜r−1,0 = H˜
0
−1,0 · · · H˜
r
−1,n−r = H˜
0
−1,n−r
where all other H˜rs,t(K;G) = 0 and D˜
r : H˜n−r(K;G)=H˜
r
−1,n−r(K;G) → H˜
r
r,n(K;G) is an isomorphism.
D˜n : H˜n−1,0(K;G)→ H˜
n
n,n(K;G) is an monomorphism with cokernelG and H˜
n+1
n,n (K;G) = G, H˜
n+1
s,t (K;G) = 0
otherwise.
Proof By definition H˜s,t0 (K;G) = 0 if s 6= −1 or t 6= n and ∆˜r : H˜
s,t
r → H˜
s−r−1,t−r
r . The conclusion is
obvious.
Remark The homomorphism ∆˜r : H˜
r,n(K) → H˜n−r(K;G) and D˜r : H˜n−r(K;G) → H˜r,n(K) for r =
1, · · · , n in the above theorem is a generalization of Lefschetz duality theorem to Cohen-Macaulay complexes.
For if K is the triangulation of an orientable n-dimensional connected manifold M with boundary, then
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H˜−1,k0 (M ;G) = H˜
k(M ;G) and we have the following commutative diagram of groups
H˜n,n0 (K)
∆˜0
−−→ H˜n−1,n0 (K)
∆˜0
−−→ · · ·
∆˜0
−−→ H˜0,n0 (K)
∆˜0
−−→ H˜−1,n0 (K) = Z → 0
fn ↓ fn−1 ↓ f0 ↓
Cn(M,∂M)
d˜
−−→ Cn−1(M,∂M)
d˜
−−→ · · ·
d˜
−−→ C0(M,∂M) → 0
where all fi, i > 0 is an isomorphism and f0 is an epimorphism. So H˜
k,n(K;G) = Hk(M,∂M ;G). Similarly,
H˜k,n(K;G) = H
k(M,∂M ;G).
In the following, we compute (co)homeology groups of some polyhedra.
A 0-dimensional simplicial complex K0 is Cohen-Macaulay of dimension 0, so H˜
0,0
r (K0;G) = G and
H˜s,tr (K0;G) = 0 otherwise for all r > 0. A pure 1-dimensional simplicial complex K1 (graphs with no
isolated vertex) is Cohen-Macaulay of dimension 1, so H˜1,1r (K1;G) = G and H˜
s,t
r (K1;G) = 0 otherwise for
all r > 0. Both the n-disk Dn and the n-sphere Sn are Cohen-Macaulay of dimension n, so H˜n,nr (D
n;G) =
H˜n,nr (S
n;G) = G and H˜s,tr (D
n;G) = H˜s,t(Sn;G) = 0 otherwise for all r > 0. As an application, cohomeology
group distinguishes disks of different dimension, i.e., Dn 6∼= Dm if m 6= n.
Let CnX be the join of X with the 0-dimensional simplicial complex with n isolated vertices (C1X = CX ,
C2X = SX). By Theorem 1.11 and Ku¨nneth Theorem, H˜
s+1,t+1
r (CnX ;G) = H˜
s,t
r (X ;G) for all s, t > 0 and
H˜s,tr (CnX ;G) = 0 if s = −1 or t = −1 for all r > 0. Specifically, H˜
∗,∗
r (C3X ;G) = H˜
∗,∗
r (SX ;G). C3X and
SX ∨SX have the same homotopy type. But in general, H˜∗,∗(SX ∨SX ;G) 6= H˜∗,∗(C3X ;G). For example, if
X = Sn, then H˜n+1,n+1(SX ∨SX) = Z⊕Z and H˜n+1,n+1(C3X) = Z. This shows that reduced cohomeology
groups are not homotopy invariants.
A contractible polyhedron X satisfies Hs,tr (X ;G) = H˜
s,t
r (X ;G) for all r, s, t with r > 0. Cohomeology
group distinguishes contractible polyhedra by their dimension. Let Dm ∪Dk D
n be the contractible polyhedra
defined as follows. Let φ1 : D
k → Dm and φ2 : D
k → Dn be the embedding of Dk into the boundary
of Dm and Dn. Dm ∪Dk D
n is the quotient space Dm⊔Dn/∼ with φ1(x) ∼ φ2(x) for all x ∈ D
k. If
k+1 < min(m,n), Hs,t(Dm ∪Dk D
n) = Z for (s, t) = (m,m), (n, n), (k, k+1) and Hs,t(Dm ∪Dk D
n) = 0
otherwise. If k+1 = m 6 n, Hn,n(Dm ∪Dk D
n) = Z and Hs,t(Dm ∪Dk D
n) = 0 otherwise.
2. Homeotopy and homeotopy type
Definition 2.1 A simplicial map f : K → L is solid if for all simplex σ ∈ K, |f(σ)| = |σ|.
It is obvious that identity maps, inclusion maps from a simplicial subcomplex to the simplicial complex
and composite maps of solid maps are all solid.
Theorem 2.2 Let f : K → L be a solid map. Then f induces double complex homomorphism
f∗ : T∗,∗(K)→ T∗,∗(L), f˜∗ : T˜∗,∗(K)→ T˜∗,∗(L)
and so homomorphisms
f r∗ : H
r
∗,∗(K;G)→ H
r
∗,∗(L;G), f˜
r
∗ : H˜
r
∗,∗(K;G)→ H˜
r
∗,∗(L;G)
for all Abellian group G and r > 0 that satisfy the following.
1) The identity map 1K induces identity isomorphisms 1: H
r
∗,∗(K;G)→ H
r
∗,∗(K;G) and 1: H˜
r
∗,∗(K;G)→
H˜r∗,∗(K;G).
2) The composite of solid maps induces the composite of induced homomorphisms, i.e., (gf)r∗ = g
r
∗f
r
∗ and
( g˜ f˜ )r∗ = g˜
r
∗ f˜
r
∗ .
Dually, f induces double complex homomorphism
f∗ : T ∗,∗(L)→ T ∗,∗(K), f˜∗ : T˜ ∗,∗(L)→ T˜ ∗,∗(K)
and so homomorphisms
f∗r : H
∗,∗
r (L;G)→ H
∗,∗
r (K;G), f˜
∗
r : H˜
∗,∗
r (L;G)→ H˜
∗,∗
r (K;G)
for all Abellian group G and r > 0 that satisfy the following.
1) The identity map 1K induces identity isomorphisms 1: H
∗,∗
r (K;G)→ H
∗,∗
r (K;G) and 1: H˜
∗,∗
r (K;G)→
H˜∗,∗r (K;G).
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2) The composite of maps induces the adverse composite of induced homomorphisms, i.e., (gf)∗r = f
∗
r g
∗
r
and ( g˜ f˜ )∗r = f˜
∗
r g˜
∗
r .
For a commutative ring R and a fixed order on the vertex set of K, there is a cup product
∪ : H∗,∗r (K;R)⊗H
∗,∗
r (K;R)→ H
∗,∗
r (K;R)
that makes H∗,∗r (K;R) a graded commutative algebra over R for all r > 0, where graded commutative means
for all x ∈ Hs,tr and y ∈ H
s′,t′
r , x∪y = (−1)
(s+t)(s′+t′)y∪x. For an order-preserving solid map f : K → L, the
induced homomorphism f∗r : H
∗,∗
r (L;R)→ H
∗,∗
r (K;R) is an algebra homomorphism for all r > 0. The algebra
structure of H∗,∗r (K;R) and algebra homomorphism f
∗
r are independent of the order of the vertex set when
r > 0.
Proof For [v0, · · · , vm]⊗[v0, · · · , vm, vm+1, · · · , vm+n] ∈ T∗,∗(K), define
f∗([v0, · · · , vm]⊗[v0, · · · , vm+n]) = [f(v0), · · · , f(vm)]⊗[f(v0), · · · , f(vm+n)].
It is obvious that for solid map f , Df∗ = f∗D and D˜f˜∗ = f˜∗D˜. Dually, ∆f
∗ = f∗∆ and ∆˜f˜∗ = f˜∗∆˜.
The cup product is the composite ∪ : H∗,∗r (K;R)⊗H
∗,∗
r (K;R)
×
→ H∗,∗r (K×K;R⊗R)
µ∗
→ H∗,∗r (K×K;R)
∆∗
→
H∗,∗r (K;R), where µ is the product map ofR and ∆ is the diagonal map that is solid. In fact, we have a formula
for the cup product. Suppose the vertex set of K is S = {v1, · · · , vn}. Then any chain simplex can be written
in a unique way [vi0 , · · · , vik ] such that i0 < · · · < ik. Such a chain simplex is called an ordered simplex. Then
for [vim0 , · · · , vims ]⊗[vi0 , · · · , vik ], [vjn0 , · · · , vjnt ]⊗[vj0 , · · · , vjl ] ∈ T
∗,∗(K) with all chain simplexes ordered,
([vim0 , · · · , vims ]⊗[vi0 , · · · , vik ]) ∪ ([vjn0 , · · · , vjnt ]⊗[vj0 , · · · , vjl ])
=


(−1)kt[vim0 , · · · , vˆims , vjn0 , · · · , vjnt ]⊗[vi0 , · · · , vik , vj1 , · · · , vjl ] if ik = j0, ms = k,
(−1)kt[vim0 , · · · , vims , vˆjn0 , · · · , vjnt ]⊗[vi0 , · · · , vik , vj1 , · · · , vjl ] if ik = j0, n0 = 0,
(−1)st+kt+kl[vjn0 , · · · , vˆjnt , vim0 , · · · , vims ]⊗[vj0 , · · · , vjt , vi1 , · · · , vis ] if jl = i0, nt = l,
(−1)st+kt+kl[vjn0 , · · · , vjnt , vˆim0 , · · · , vims ]⊗[vj0 , · · · , vjt , vi1 , · · · , vis ] if jl = i0, m0 = 0,
0 otherwise.
It is easy to check that the cup product makes (T ∗,∗(K),∆) a differential graded algebra that is natural with
respect to order-preserving solid map. Other conclusions are easy direct checkings.
Definition 2.3 Let X and Y be two polyhedra. Two maps f0, f1 : X → Y are homeotopic, denoted by
f0 ≈ f1, if they satisfy the following.
1) fi is the geometrical realization map of solid map fi : Ki → Li, i = 0, 1. So Ki is a triangulation of X
and Li is a triangulation of Y .
2) There is a triangulation K˜ of I×X such thatKi is a triangulation of {i}×X and a simplicial subcomplex
of K˜, i = 0, 1. Denote the inclusion map from Ki to K˜ by φi.
3) There is a triangulation L˜ of I×Y such that Li is a triangulation of {i}×Y and a simplicial subcomplex
of L˜, i = 0, 1. Denote the inclusion map from Li to L˜ by ψi.
4) There is a solid map H : K˜ → L˜ such that Hφi = ψifi, i = 0, 1. H is called a homeotopy (map) from
f0 to f1.
Theorem 2.4 Homeotopic relation is an equivalence relation. Homeology group Hr∗,∗(−;G), reduced
homeology group H˜r∗,∗(−;G), cohomeology group H
∗,∗
r (−;G) and reduced cohomeology group H˜
∗,∗
r (−;G)
are homeotopic invariants for all Abellian group G, i.e., homeotopic maps have the same induced (reduced)
(co)homeology group homomorphism. Cohomeology algebra H∗,∗r (−;R) over a commutative ring R is also a
homeotopic invariant.
Proof To prove f ≈ f , we have to prove that for any two f0, f1 with the same geometrical realization map
f , f0 ≈ f1. If f0 = f1, the homeotopy is obvious. If f0 6= f1, we need only prove the case f1 is obtained from
f0 as follows. Suppose f0 : K0 → L0 and σ ∈ L0. Since f0 is solid, all the simplexes τ1, · · · , τn of K1 such that
f(τi) = σ satisfy that |τi| = |σ|. Then f1 : Sτ1(· · · (Sτn(K0) · · · )→ Sσ(L0) is the only simplicial map that has
the same geometrical realization with f0. Let I1 be the triangulation of I with two vertices 0, 1 and one edge.
Then τ˜i = {1}×τi and σ˜ = {1}×σ are all simplexes of I1×K0. H : Sτ˜1(· · · (Sτ˜n(I1×K0) · · · ) → Sσ˜(I1×L0) is
defined by that H(i, v) = f0(v) for all vertex v ∈ K0 and i = 0, 1 and H(1, wi) = v for all the new vertex wi
of Sτi(K0) and v is the new vertex of Sσ(L0). H is obvously a homeotopy from f0 to f1. Suppose f0 ≈ f1
with Ki, Li, K˜, L˜,H as in the definition. Define K
−1
i = K1−i, L
−1
i = L1−i, K˜
−1 is isomorphic to K˜ by the 1-1
correspondence (t, x)→ (1−t, x) of I×X , L˜−1 is isomorphic to L˜ by the 1-1 correspondence (t, y)→ (1−t, y)
of I×Y , H−1(t, x) = H(1−t, x) (geometrical realization). Then f1 ≈ f0 with K
−1
i , L
−1
i , K˜
−1, L˜−1, H−1 as
in the definition. Suppose f0 ≈ f1 with Ki, Li, K˜, L˜,H as in the definition, i = 0, 1 and f1 ≈ f2 with
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Ki, Li, K˜
′, L˜′, H ′ as in the definition, i = 1, 2 and the vertex set of K˜, K˜ ′, L˜, L˜′ are respectively S˜, S˜′, T˜ , T˜ ′.
Define the triangulation M˜ of I×X and the triangulation N˜ of I×Y with respectively vertex set U and V by
U = {(12 t, x) | (t, x) ∈ S˜ } ∪ {(
1
2 +
1
2 t, x) | (t, x) ∈ S˜
′ },
V = {(12 t, x) | (t, x) ∈ T˜ } ∪ {(
1
2 +
1
2 t, x) | (t, x) ∈ T˜
′}.
Define (H∗H ′)(t, x) = H(2t, x) if 0 6 t 6 12 and (H∗H
′)(t, x) = H ′(2t− 1, x) if 12 6 t 6 1. Then f0 ≈ f2 with
K0,K2, L0, L2, M˜ , N˜ ,H∗H
′ as in the definition. So homeotopic relation is an equivalence relation.
The conclusion that (co)homeology groups are homeotopic invariant is a corollary of the following theorem.
The reduced (co)homeology groups case naturally follows from the unreduced case.
Theorem 2.5 Let K,L, K˜, L˜ be respectively triangulation of X,Y, I×X, I×Y . Φ: K˜ → L˜ and f : K → L
are solid maps such that Φφ = ψf , where φ : X={0}×X → I×X and ψ : Y={0}×Y → I×Y are inclusion
maps. Then the induced (co)homeology group (over any Abellian group) homomorphism of Φ and f satisfy
that Φ∗r = ι
∗×f∗r and Φ
r
∗ = ι×f
r
∗ from r > 0, where ι is the generator class of H1,1(I) = H
r
1,1(I) and ι
∗ is the
dual class of ι and× is the external productHr∗,∗(I)⊗H
r
∗,∗(Y ;G)→ H
r
∗,∗(I×Y ;G) andH
∗,∗
r (I)⊗H
∗,∗
r (X ;G)→
H∗,∗r (I×X ;G).
Proof Define 1-dimensional simplicial complex In (n>0) as follows. The vertex set is {vi | i = 0, 1, · · ·, n},
the edge set is {{vi, vi+1} | i = 0, 1, · · · , n−1}. Then {In} is the set of all triangulations of I. Hs,t(In) = 0 if
(s, t) 6= (1, 1) and H1,1(In) = Z with generator class represented by [φ]{vi,vi+1} for any 0 6 i < n. This implies
that any solid map from Im to In induces identity isomorphism of homeology groups. So by Theorem 1.11
and Ku¨nneth theorem, for any polyhedron Z and solid map g : I → I, the map g×1Z : I×Z → I×Z induces
identity isomorphism of homeology groups Hr∗,∗(I×Z;G) for all Abellian group G.
Define øK to be a triangulation of I×X such that K˜ is a simplicial subcomplex of øK with |K˜| = [ 12 , 1]×X
and that I1×K is a simplicial subcomplex of øK with |I1×K| = [0,
1
2 ]×X . øL is similarly defined. Then we
have the following commutative diagram of simplicial maps.
K˜
Φ
−→ L˜
i˜ ↓ j˜ ↓
øK
øΦ
−→ øL
i ↑ j ↑
I1×K
1×f
−→ I1×L
where i, i˜, j, j˜ are the inclusion maps. The geometrical realization map of the above diagram is
I×X
Φ
−→ I×Y
g0×1X ↓ g0×1Y ↓
I×X
øΦ
−→ I×Y
g1×1X ↑ g1×1Y ↑
I×X
1×f
−→ I×Y
where g0(t) =
1
2 (1+t) and g1(t) =
1
2 t for all t ∈ I. By the above conclusion, all the vertical maps induce
identity isomorphisms. If simplicial maps that have the same geometrical realization map have the same
induced homeology group homomorphism, then the homeology group homomorphisms induced by i, i˜, j, j˜ are
all identity isomorphisms and so Φr∗ = (1×f)
r
∗ = ι×f
r
∗ . Now we prove that simplicial maps that have the same
geometrical realization map have the same induced homeology group homomorphism. We need only prove the
case f1 is obtained from f0 as in the proof of f ≈ f of Theorem 2.4. This case is obvious.
Definition 2.6 Two polyhedra X and Y are homeotopic equivalent, or have the same homeotopy type,
denoted by X ≅ Y , if there are geometrical realization maps of solid maps f : X → Y and g : Y → X such
that gf ≈ 1X and fg ≈ 1Y . f is called a homeotopy equivalence from X to Y .
Homeotopy type is a coarser relation than homeomorphism. For example, the following two graphs are of
the same homeotopy type but not homeomorphic.
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X Y
v0 v1
v2
v3
w1
w2
w3
f : X → Y is defined by f(vi) = wi for i = 1, 2, 3 and f(v0) = w3. g : Y → X is the inclusion g(wi) = vi
for i = 1, 2, 3. The homeotopy from 1X to gf is shown in the following picture, where the homeotopy extends
the identity of the triangle cylinder by maping the left two simplexes 1 and 2 respectively to the right two
simplexes 1 and 2.
1
2
1
2
v0 v1
v2
v3 v0 v1
v2
v3
Homeotopy type is finer than homotopy type. For example, Dn and Dm (m 6= n) are not of the same
homeotopy type since they have different (co)homeology groups. But they are of the same homotopy type.
Another example is C3S
n and Sn+1 ∨ Sn+1 (see the examples in the end of the previous section). Just like
that (co)homology group is the convergence group of (co)homeology spectral sequence, homotopy relation is
the limit of homeotopy relation in the sense of the following theorem.
Theorem 2.7 For a map f : X → Y , its graph is the map f˜ : X → X×Y defined by f˜(x) = (x, f(x))
for all x ∈ X . If f is the gemeotrical realization of a simplicial map, then f˜ is a solid map. If f, g are both
gemeotrical realization maps, then f ∼ g if and only if f˜ ≈ g˜.
Proof Suppose f is the geometrical realization of f : K → L. The vertex set of L is {w1, · · · , wn, · · · } and
the vertex set of K is {v1, · · · , vm} such that there are 1 6 i1 < i2 < · · · < in−1 < in = m with f(vj) = wk
for j = ik−1+1, · · · , ik (i0 = 0). f is an order preserving map and so f˜ : K → K×L is a solid map that maps
the ordered simplex {vu1 , · · · , vus} of K to the ordered simplex {(vu1 , f(vu1)), · · · , (vus , f(vus))} of K×L.
Suppose f ∼ g, then there is geometrical realization homotopy h : I×X → Y from f to g. The graph
h˜ : I×X → I×X×Y is just the homeotopy from f˜ to g˜. Conversely, if f˜ ≈ g˜ and h˜ : I×X → I×X×Y is the
homeotopy from f˜ to g˜, then h = p h˜ is the homotopy from f to g, where p : I×X×Y → Y is the projection
map.
Theorem 2.8 Let f : X → Y be a geometrical realization map and G be a module over the commutative
ring R, then f induces on the bigraded group H∗,∗r (X ;G) a bigraded module structure over the bigraded
algebra H∗,∗r (Y ;R) for all r > 0. If f ∼ g, then they induce the same module structure on H
∗,∗
r (X ;G).
Proof The product map of the module is the composite of the following
H∗,∗r (X ;G)⊗H
∗,∗
r (Y ;R)
×
−→ H∗,∗r (X×Y ;G⊗R)
µ∗
−→ H∗,∗r (X×Y ;G)
(f˜)∗
−→ H∗,∗r (X ;G),
where µ is the module map of G. By Theorem 2.7, homotopic maps induce the same module structure.
This theorem shows that for any continuous map (need not be a geometrical realization map!) f from
polyhedron X to polyhedron Y , the module structure of H∗,∗r (X ;G) over H
∗,∗
r (Y ;R) induced by f can be
defined. By the simplicial approximation theorem, we need only define the module structure to be the one
induced by any geometrical realization map homotopic to f .
References
[1] J.W. Alexander,The combinatorial theorey of complexes, Ann. Math., (2), 31 (1930).292-320.
[2] C. Allday and V. Puppe, Cohomological Methods in Transformation Groups, Cambridge Studies in Advanced Mathematics,
32, Cambridge University Press, 1993.
[3] A. Bahri, M.Bendersky, F. R. Cohen and S. Gitler, Decompositions of the polyhedral product functor with applications to
moment-angle complexes and related spaces, Proc. Nat. Acad. Sci. U. S. A. 106 (2009), 12241-12244.
[4] A. Bahri, M. Bendersky, F. R. Cohen and S. Gitler, The polyhedral product functor: A method of computation for moment-
angle complexes, arrangement and related spaces, preprint arXiv:0711.4689v2 [math.AT] 8 Dec 2008.
SIMPLICIAL HOMEOLOGY AND HOMEOTOPY 13
[5] I. Baskakov, Cohomology of K-powers of spaces and the combinatorics of simplicial divisions, Russian Math. Surveys 57
(2002), no. 5, 989-990.
[6] V. M. Buchstaber and T. E. Panov, Torus Actions and Their Applications in Topology and Combinatorics, University
Lecture Series, Vol. 24, Amer. Math. Soc. Providence, RI, 2002.
[7] V. M. Buchstaber and T. E. Panov, Combinatorics of simplicial cell complexes and torus action, Proc. Steklov Inst. Math.
247 (2004), 33-49.
[8] X. Cao and Z. Lu¨, Mo¨bius transform, moment-angle complexes and Halperin-Carlsson conjecture, preprint. arXiv:0908.3174v2
[math.CO] 12 Sep 2009.
[9] M. W. Davis and T. Januszkiewicz, Convex polytopes, coxeter orbifolds and torus action, Duck Math. J. 62 (1991), 417-451.
[10] G. Denham and A. Suciu, Moment-angle complexes, monomial ideals and Massey products, Pure Appl. Math. Q. 3 (2007),
25-60.
[11] M. Franz, The intergral cohomology of toric manifolds, Proc. Steklov Inst. Math. 252 (2006), 53-62. [Proceedings of the
Keldysh Conference, Moscow 2004].
[12] R. Goresky and R. MacPherson, Stratified Morse Theory, Ergeb. Math. Grenzgeb., Vol. 14, Springer-Verlag, Berlin, 1988.
[13] J. Grbic and R. Theriault, Homotopy type of the complement of a coordinate sunspace arrangement of codimension two,
Russian Math. Surveys 59 (2004), no. 3, 1207-1209.
[14] P. J. Hilton, U. Stammbach, A Course in Homological Algebra, Berlin-Heideberg-New York: Springer 1971.
[15] M. Hoster, Cohen-Macaulay ring, combinatorics and simplecial complexes, in: Ring theory, II (Proc. Second Conf. Univ.
Oklahoma, Norman, Okla., 1975), pp. 171-223.
[16] S. Lopez de Medrano, Topology of the intersection of quadrics in Rn, in Algebraic Topology (Arcata Ca), Springer Verlag
LNM 1370 (1989), Springer Verlag.
[17] Z. Lu and T. Panov, Moment-angle complexes from simplicial posets, preprint arXiv:0912.2219v1 [math.AT] 11 Dec 2009.
[18] E. Miller and B. Sturmfels, Combinatorial Commutative Algebra, Graduate Texts in Math. 227, Springer, 2005.
[19] U. Pachner, PL Homoeomorphic Manifolds are Equivalent by Elementary Shellings, it Europ. J. Combinatorics 12 (1991),
129-145.
[20] T. E. Panov, Cohomology of face rings and torus actions, London Math. Soc. Lect. Notes Ser. 347 (2008), 165-201.
[21] G. Porter, The homotopy groups of wedge of suspensions, Amer. J. Math., 88 (1966), 655-663.
[22] R. P. Stanley Combinatorics and Commutative Algebra second edition, Progress in Math. 41 Birkhauser, Boston, 1996.
[23] Y. Ustinovsky, Toral rank conjecture for moment-angle complexes, preprint arXiv:0909.1053v2 [math.AT] 29 Sep 2009.
[24] R. Vogt, Homotopy limits and colimits, Math. Z. 134 (1973), 11-52.
[25] Q. Zheng, A New Massey Product on Ext Groups, Journal of Algebra. 183 (1996), 378-395.
School of Mathematical Science and LPMC, Nankai University, Tianjin, 300071, P.R.China
E-mail address: zhengqb@nankai.edu.cn
